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General Techniques in Computer Algebra

» Some methods are not stable under perturbation: Grobner
basis, Macaulay H-basis, Involutive bases (Janet, Pommaret, etc)

DRAWBACKS:

In applications, where the aim is to develop efficient methods
which are stable under perturbations. Starting with a
perturbation of the input, do we get nearby output ?

» Some methods are stable under perturbation:
Resultants, Cartan 1945; Kuranishi 1957;

Border basis: Mourrain, Trébuchet: 1999 -2008; and Kehrein,
Kreuzer, Robbiano: 2005-2008.

M.E. Alonso
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» Let B be set of x4 monomials in x = (x1,...,x,). We identify B
with a set of N".

» We assume that B is stable by division, (or connected to 1 ( for
x® € B, there is i : x¥/x; € B).

» Denote Bf = x;BU---Ux,BUB and 9B = BT — B.
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» Let B be set of x4 monomials in x = (x1,...,x,). We identify B
with a set of N”,

» We assume that B is stable by division, (or connected to 1 ( for
x® € B, there is i : x¥/x; € B).

» Denote BT = xyBU---Ux,BUB and 0B = B™ — B.

» Let A be a ring, R” the ring A[xq, ..., x,] and let A be a
quotient algebra of A[xi,...,xs] such that A is a free A-module
with basis B.

» For any a € 0B, the monomial x% is a linear combination in A
of the monomials of B. For any o € OB, there exists z, 3 € A
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» Let B be set of x4 monomials in x = (x1,...,x,). We identify B
with a set of N”,

» We assume that B is stable by division, (or connected to 1 ( for
x® € B, there is i : x¥/x; € B).

» Denote BT = xyBU---Ux,BUB and 0B = B™ — B.

» Let A be a ring, R” the ring A[xq, ..., x,] and let A be a
quotient algebra of A[xi,...,xs] such that A is a free A-module
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0-dim. A-algebras with monomial basis B

» Let B be set of x4 monomials in x = (x1,...,x,). We identify B
with a set of N”,

» We assume that B is stable by division, (or connected to 1 ( for
x® € B, there is i : x¥/x; € B).

» Denote BT = xyBU---Ux,BUB and 0B = B™ — B.

» Let A be a ring, R” the ring A[xq, ..., x,] and let A be a
quotient algebra of A[xi,...,xs] such that A is a free A-module
with basis B.

» For any a € 0B, the monomial x% is a linear combination in A
of the monomials of B. For any o € OB, there exists z, 3 € A

(8 € B) s.t.
hZ(x) == x* — Z Zo 3 X x?
peB
. The hZ(x) will be called, the border relations of A w.r.t. B.
» Border relations, are re-writing rules

M.E. Alonso
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Define a “normal form” , N?
For B € B, N3(x%) =x7 ,
For a € 9B. N*(x*) = x* — h2(x) = X" 3¢5 Za,p X°
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Define a “normal form” , N?
For 8 € B, N3(x%) = x% ,
For a € O0B. N*(x%) = x* — h%(x) = ZﬁeBZa,B xP

» The tables of multiplication Mg : (B) — (B) are constructed
using My, (x%) = N?(x;x%) for 5 € B. These operators of
multiplication commute.
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Border basis

Define a “normal form” , N?

For 8 € B, N3(x%) = x% ,

For a € 9B. N*(x%) = x* — h%(X) = > _5cp Zap x?
» The tables of multiplication Mg : (B) — (B) are constructed
using My, (x%) = N?(x;x%) for 5 € B. These operators of
multiplication commute.
» Notice that the coefficients of the matrix of Mg in the basis B
are linear in the coefficients z's.

M.E. Alonso
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» Conversely, if we are interested in characterizing the coefficients
2 := (24,8)acoB,ep such that the polynomials (h%(x)).cp are the
border relations of some free A-algebra A* = A[xy, ..., x|/l with
basis B.
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Border equations

» Conversely, if we are interested in characterizing the coefficients
z := (2,,8)acoB,pep such that the polynomials (h%(x))qcp are the
border relations of some free A-algebra A* = A[xy, ..., x|/l with
basis B.Mourrain '99, and Kreuzer-Robbiano’08 proved

Let B be a set of ;u monomials connected to 1. The polynomials
hz(x), z € A, are the border relations of some free quotient algebra
A of A[x1, ..., xn| of basis B iff

MZoMZ —MZoMZ=0 for 1<i<j<n (1)

Xi

Hp = {z = (245) € KIB*5; M3 o Mg — M3 o M3 =0 1<icj<n}

M.E. Alonso
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describing the initial finite zero-set.
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Flatness and Border bases

Perturbing equations

» Start with algebraic equations defining a finite set of points

fO € K[xi,...,x,]° let 1° = (f°) the 0-dim ideal and A° = K[x]/I°.
> Let B be a set of monomials that is also a K-basis for A°.

» Let us perturb the system f = f0 4 cf! 4 ... and let

A =K[[¢]], R = K][[¢]][x] = Alx], A := R*/I and, (f) = | with I°
describing the initial finite zero-set.Obstructions for flatness of

K[[e]] = A

"isolated, embedded points, points going to infinite”
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Flatness and Border bases

Perturbing equations

» Start with algebraic equations defining a finite set of points

fO € K[xi,...,x,]° let 1° = (f°) the 0-dim ideal and A° = K[x]/I°.
> Let B be a set of monomials that is also a K-basis for A°.

» Let us perturb the system f = f0 4 cf! 4 ... and let

A =K[[¢]], R = K][[¢]][x] = Alx], A := R*/I and, (f) = | with I°
describing the initial finite zero-set.Obstructions for flatness of

K[[e]] = A

Flatness means the monomial basis B is still a basis of A as
K[[¢]] module (assumed A is finite K[[¢]]- module)

M.E. Alonso
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Flatness criterion

» More generally, let (A, m,K) be a henselian ring. Start with a
deformed situation f € A[x]®, f = fO4+cfl +... ;e €m, denote by
I = (F)A[x] , 1°= (fO)K[x] and A := A[x]/I and the residual
(initial) situation A% = K[x]/1°.
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» More generally, let (A, m,K) be a henselian ring. Start with a
deformed situation f € A[x]®, f = fO4+cfl +... ;e €m, denote by
I = (F)A[x] , 1°= (fO)K[x] and A := A[x]/I and the residual
(initial) situation A% = K[x]/1°.

» Consider the multiplicative set
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Flatness criterion

» More generally, let (A, m,K) be a henselian ring. Start with a
deformed situation f € A[x]®, f = fO4+cfl +... ;e €m, denote by
I = (F)A[x] , 1°= (fO)K[x] and A := A[x]/I and the residual
(initial) situation A% = K[x]/1°.

» Consider the multiplicative set
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The effect of taking the extended ring is to keep only “the
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A-module.
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Flatness and Border bases

Flatness criterion

» More generally, let (A, m,K) be a henselian ring. Start with a
deformed situation f € A[x]®, f = fO4+cfl +... ;e €m, denote by
I = (F)A[x] , 1°= (fO)K[x] and A := A[x]/I and the residual
(initial) situation A% = K[x]/1°.

» Consider the multiplicative set

S ={g(x) € Alx] : g(x) mod m = 1}

> Let A, := S TA=S"1A[x]/I.

The effect of taking the extended ring is to keep only “the
points to finite distance” The ring S~1 A4 is a finite
A-module.

QUESTION:

Conditions for A = A[x]/I (resp. A, = S~1(A[x]/I) to be a flat
(hence free) A module?What can we say of a border basis of A (or
A,), assuming one knows a border basis mod. m?

M.E. Alonso
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Starting with border relations for the residual algebra .A°

hg :=xﬁ—2225 x*; zggeK
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Flatness criterion (conti..)

Starting with border relations for the residual algebra .A°
hg = xP —Zzgﬁ x“ 225 cK

we try to lift them to get border relations in A
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Flatness and Border bases

Flatness criterion (conti..)

Starting with border relations for the residual algebra .A°
hS = xfB—Zzgﬁ x*; 205 €K
We can lift hg to A, getting new elements f?, for 5 € 9B s.t.

f8 c 1. Then, let
hﬂ = XB — ZZ&BXQ

for f € OB and a € B, where z;3 are unknowns, that that we try
to determine as elements of As.t. z,53 mod.m = zgﬁ
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Flatness criterion (conti..)

Starting with border relations for the residual algebra .A°
h} ::x’B—Zzgﬁ x*; 205 €K
We can lift hg to A, getting new elements f?, for 5 € 9B s.t.

f% 1. Then, let
hﬂ = XB — Zzgﬂxa

for f € OB and a € B, where z;3 are unknowns, that that we try
to determine as elements of As.t. z,53 mod.m = zgﬁ

We reduce the generators f#'s with the hg's (3 € 9B ,and we
impose the condition that the remainder must be zero .
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Flatness and Border bases

Flatness criterion (conti..)

Starting with border relations for the residual algebra .A°
h} ::x’B—Zzgﬁ x*; 205 €K

We can lift hg, to A, getting new elements f?, for 5 € 9B s.t.

f7 € 1. Then, let

hﬂ = XB — Zzgﬂxa
for f € OB and a € B, where z;3 are unknowns, that that we try
to determine as elements of As.t. z,53 mod.m = zgﬁ

We reduce the generators f#'s with the hg's (3 € 9B ,and we
impose the condition that the remainder must be zero .
Obtaining a Hensel system with a unique solution z,53 € A, lifting

0
Zaﬁ-
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Flatness and Border bases

Flatness criterion (conti..)

Starting with border relations for the residual algebra .A°
h} ::x’B—Zzgﬁ x*; 205 €K

We can lift hg, to A, getting new elements f?, for 5 € 9B s.t.

f7 € 1. Then, let

hﬂ = XB — Zzgﬂxa
for f € OB and a € B, where z;3 are unknowns, that that we try
to determine as elements of As.t. z,53 mod.m = zgﬁ

We reduce the generators f#'s with the hg's (3 € 9B ,and we
impose the condition that the remainder must be zero .
Obtaining a Hensel system with a unique solution z,5 € A, lifting
ng.Write hg = xP — 3" z,5x* and set

H = ((hﬁ)ﬁeag)s_lA[X] C |S_1A[X]

M.E. Alonso
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H = ((hs)pecos)S AlX] C ISTTA[x]
WE GET FLATNESS, iff the lifted border relations:
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Flatness and Border bases

Flatness criterion (conti..)

H = ((hg)geaB)S_lA[x] c IS7IA[X]

WE GET FLATNESS, iff the lifted border relations:

» i) verify the equations of commutativity, in order to be border
basis of A[x]/(hag). and

> i) generate the ideal of the beginning: | ST!A[x] = H
(generators of | reduce to zero mod. the lifted equations)

M.E. Alonso



Flatness and Border bases

Example

We consider the perturbation

ff:xz—sx, fs =xy —ex, ff =xy —ey, ff = y*> —ey, ff =ex—¢&2,
ff=cy—¢?

» We have |0 (x2,xy,y?) and | = (f5, ..., f¢).

» The set B = {1,x,y} is a basis of R/J° and the border relations are h% = x?,
h, = xy, h?/z =y% As h%, = £, hgy =0 hgz = £, these border relations lift in

2

° hizsz:x — X,

° Eiy:ff:xyfax,
° E;Z:ff:y2—ey.

» After reduction by the formal border relations and resolution of the
corresponding (linear) system , we have hS, = k¢, so that | S~*A[x] = A

» Only need to chek that the multiplication operators by x and y commute, so
that the polynomials hS,, A 0 hE2 are border relations for B.

M.E. Alonso
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=y +ty®+t, fhi=x+yx>—t
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Example: “The importance of being flat” ( O. Wild)

Example:
fi = y2+ty>+t, b= x>+ yx®—t2

» 19 = (y2,x3 +yx?) and | = (f1, f2)SK[[t]][x, y] Setting t =0,
the system has an isolated zero (0,0) of multiplicity 6.
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Example: “The importance of being flat” ( O. Wild)

Example:

fi = y2+ty>+t, b= x>+ yx®—t2
> 0= (y2,5x3 +yx?) and | = (f1,f2)STIK[[t]][x, y] Setting t = 0,
the system has an isolated zero (0,0) of multiplicity 6.
> h32 - y27 h32x - y2X7 h32X2 - )/2X27 h23 - X3 + Xzyb h23y -
red(yh%) = x3y is a border basis for K[x, y]/I°,
9B = {1,x,y,x*,xy, x°y}

M.E. Alonso



Flatness and Border bases

Example: “The importance of being flat” ( O. Wild)

Example:

=y +tyl+t, hoi= xS Fyx®—t?

> 0= (y2,5x3 +yx?) and | = (f1,f2)STIK[[t]][x, y] Setting t = 0,
the system has an isolated zero (0,0) of multiplicity 6.

> h;,)z - y27 h82x - y2X7 h32x2 - )/2X2= h23 - X3 + Xzyt h23y -
red(yh%;) = x3y is a border basis for K[x, y]/1°,

OB = {1,x,y,x%,xy,x2y} For t small enough the system has 6
roots be very near to (0,0) : a cluster and another more point
away it.

M.E. Alonso
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Example: “The importance of being flat” ( O. Wild)

Example:

=y +tyl+t, hoi= xS Fyx®—t?
10 = (y2,x3 +yx?) and | = (f1, f2)STK[[t]][x, ]
> h32 =y?, h?/QX = y2x, h32x2 = y°x?, hg_,, =x3 + x?y, h23y =
red(yh%;) = xy is a border basis for K[x, y]/I°,
0B = {1,x,y,x? xy,x?y} For t small enough the system has 6
roots be very near to (0,0) : a cluster and another more point
away it. Warning, this example doesn’t correspond exactly to
the last theorem. Here A, is not A-flat , a bigger ring
A(m,x,y) is A-flat. But it allow us to show how to construct
efficiently a border basis for the cluster

M.E. Alonso
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Example: “The importance of being flat” ( O. Wild)

Example:
fi=y>+tyx®+t, fhoi=x3Fyx®— 12
10 = (y2,x3 +yx?) and | = (f1, f2)STK[[t]][x, ]
> hgz =y? h§),2x = y?x, h32x2 = y°x?, h23 =x3 +x%, h23y =
red(yh%;) = xy is a border basis for K[x, y]/I°,
0B = {1,x,y,x% xy,x*y}
» We introduce the h's:

hyeo = y2 4+ ag+arx+axx?+ a3y + ag yx + as yx2
h;3 = x3+b0+b1x+b2X2—|—b3y—|—b4yx+b5yX2
hx~3y = X3y+tax+ox?P+ay+axy+ cxiy

M.E. Alonso
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Example: “The importance of being flat” ( O. Wild)

Example:
fi=y>+tyx®+t, fhoi=x3Fyx®— 12
10 = (y2,x3 +yx?) and | = (f1, f2)STK[[t]][x, ]
> hgz =y? h?,zx = y?x, h32x2 = y°x?, h23 =x3 +x%, h23y =
red(yh%;) = xy is a border basis for K[x, y]/I°,
9B = {1,x,y,x*,xy, x’y}
» We introduce the h's:

hyeo = y2 4+ ag+arx+axx?+ a3y + ag yx + as yx2
h;g = x3+b0+blx—i—bzx2—|—b3y—|—b4yx+b5yx2
hx~3y = X3y+tax+ox?P+ay+axy+ cxiy

> reduce fi, f's with h's, obtaining some Hensel equations
31282233234:0, b1:b2:b3:b4:0
ag =t by=—t%as =t bs =1,
M.E. Alonso
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t(1+ tes)
—1—3tcs —3t2cs2 — t3¢c53 + 15
P  t'o o —t? -t
Tltte T At T Thte T (1 te)?
—t0¢l — 615 — 15t ¢ + (—20% + t8 4+ %) cf + (—15t2 + 4> + 2t7) &
+(6t* —6t) 2+ (-1 —2t5+43) s + (2 +t° —t*) =

C =

Co

» We approximate till o(£'%) with Newton method the rational
functions, and the “unique” solution of the last equation near zero

2 —t*+41° -6t + 162+ 317+ O (1)
22—t =282+ 61"+ 712317+ O (')
22—ttt -2+ 617+ 7% —3¢°—
35¢10 — 30 1 + 4512 + 210 t13 + 128 t1* 4 O (t19)

» Using s = t2 — t* — 215, or ¢5 = t2, leads to the two following
(approximating) matrices for the multiplication by y in the basis of
monomials under the staircase:

M.E. Alonso
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00 —t 0 —t3-1# —tt+2¢'
00 0 O —t—t° —t5
10 0 0 —t3+1¢° 5 — t7
apriy = 00 0 0 —t2+1t> —t4t*"—-2t5-3¢
01 0 0 —tr+2tf —t342¢°
|0 0 —t 1 3—t2-2t° 2—t"—21°+4+" |
[0 0 -t 0 —t3 —t*]
00 0 0 —t —t°
Aoy 10 0 0 -2 ¢
00 0 0 —t> -t
01 0 0 —t* -3
00 -t 1 & ]

M.E. Alonso
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We may use the characteristic polynomial of one of these matrices.
For small values of t, say | t |< 1072, the second one is sufficient:
Gy = Yo (—2+1t")yS+(P+3t)y  + (T + 84+ 110-213) )3
+ (T +382) y? + (—t°+ 217 — t*) y + (£ — t7)
Computing with 12 digits we get correct answers up to many digits for

the cluster of six roots. The same computation, when using a floating
point Grébner basis computation needs arround 200 digits of precision.

M.E. Alonso
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Tangent Space to the punctual Hilbert scheme

Construction Hilb*(P")

Hilbf, = The Hilbert functor of P relative to y € Z"
C = Schemes of finite type over K = Sets

X — {flat familiesZ C XxP" with fibers having Hilbert polynomial z}
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The punctual Hilbert scheme

Construction Hilb*(P")

Hilbf, = The Hilbert functor of P” relative to € Z"
C = Schemes of finite type over K = Sets

X — {flat familiesZ C X xP" with fibers having Hilbert polynomial u}

» If X = Spec(A), A is a K-algebra of finite type, and the
homogeneous ring SA = Alxo, . . ., xn] (S* =: S for short)
Hilbk, (X) = {I/ C S homog. sat. ideal :

S4 /1y is A locally free mod. of rank p Vd >> 0}
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The punctual Hilbert scheme

Construction Hilb*(P")

Hilbf, = The Hilbert functor of P” relative to € Z"
C = Schemes of finite type over K = Sets

X — {flat familiesZ C X xP" with fibers having Hilbert polynomial u}

» If X = Spec(A), A is a K-algebra of finite type, and the
homogeneous ring SA = Alxo, . . ., xn] (S* =: S for short)
Hilbk, (X) = {I/ C S homog. sat. ideal :

S4 /1y is A locally free mod. of rank p Vd >> 0}

This set has a structure of scheme.

M.E. Alonso
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Construction Hilb*(P")

Hilbf, = The Hilbert functor of P” relative to € Z"
C = Schemes of finite type over K = Sets

X — {flat familiesZ C X xP" with fibers having Hilbert polynomial u}

» If X = Spec(A), A is a K-algebra of finite type, and the
homogeneous ring SA = Alxo, . . ., xn] (S* =: S for short)
Hilbk, (X) = {I/ C S homog. sat. ideal :

S4 /1y is A locally free mod. of rank p Vd >> 0}

» One can cover the functor Hilbl, with an open covering of
affine representable subfunctors namely
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Construction Hilb*(P")

Hilbf, = The Hilbert functor of P” relative to € Z"
C = Schemes of finite type over K = Sets

X — {flat familiesZ C X xP" with fibers having Hilbert polynomial u}

» If X = Spec(A), A is a K-algebra of finite type, and the
homogeneous ring SA = Alxo, . . ., xn] (S* =: S for short)
Hilbk, (X) = {I/ C S homog. sat. ideal :

S4 /1y is A locally free mod. of rank p Vd >> 0}

» One can cover the functor Hilbl, with an open covering of
affine representable subfunctors namely HZ ( B a set of p
monomials of degree, stable by division and u € S1; s.t. HE is
represented by Spec(K[(zq,8)acsB,seB)/R), where R is the ideal
of commutating relations.

M.E. Alonso
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Plucker coordinates

We assume A is a local ring.
e Let X = Spec(A), and
Gr‘s‘;(X) ={A:A=S54/ly: A free module of rank u}
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Plucker coordinates

We assume A is a local ring.
e Let X = Spec(A), and
Gr‘s‘;(X) ={A:A=S54/ly: A free module of rank u}

Grl. (X) < P(A(54)°)
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Plucker coordinates

We assume A is a local ring.
e Let X = Spec(A), and
Gr‘s‘;(X) ={A:A=S54/ly: A free module of rank u}

Grl. (X) < P(A(54)°)

o Consider the Plucker coordinates in in P(A*(S4)*):
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Plucker coordinates

We assume A is a local ring.
e Let X = Spec(A), and
Gr‘s‘;(X) ={A:A=S54/ly: A free module of rank u}

Grl. (X) < P(A(54)°)

o Consider the Plucker coordinates in in P(A*(S4)*):
o Let A=54/14 € Gr’éj(X), and (41, ...,d,) in be any basis of
the dual space A* (also a free A-module of rank p).
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Plucker coordinates

We assume A is a local ring.
e Let X = Spec(A), and
Gr‘s‘;(X) ={A:A=S54/l4: A free module of rank u}
Grt. (X) = B(A*(S)")

o Consider the Plucker coordinates in in P(A*(S4)*):
o Let A=54/14 € Gr’éj(X), and (41, ...,d,) in be any basis of

the dual space A* (also a free A-module of rank p).
@ Pliicker coordinates of A as an element of P(A*S}) are given

by:

S1(xP) oo 5y (xP)
Doy, =] :

5u(x61) 5u(xﬁu)
for g; € N"—H, ‘ﬁ,| =dand 1 <+ < ﬁ“.

M.E. Alonso
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The Hilbg,(X) inside the Grg. (X)

» Algebraic structure of Hilb,(X) as projective variety is given

by means of the bijection
Hilbf, (X) «—

WA = {(S4/1a: Siia/las) € Grley (X)xGrly . (X) | S{la = I
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The Hilbg,(X) inside the Grg. (X)

» Algebraic structure of Hilb,(X) as projective variety is given

by means of the bijection
Hilbf, (X) «—

WA = {(S4/1a: Siia/las) € Grley (X)xGrly . (X) | S{la = I

/dHE:(/d)‘F(/d:51)+(/d352)+"‘+(Id:5d—1)
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The Hilbg,(X) inside the Grg. (X)

» Algebraic structure of Hilb,(X) as projective variety is given

by means of the bijection
Hilbf, (X) «—

WA = {(S4/14: Sis1/la+1) € Grg‘j*(X)xgrg‘ﬁl(X) | Sy = laga}-
/dl—>E:(/d)—|—(/d : 51)+(/d : 52)+"‘+(Id : Sdfl)

» This holds by Gotzmann Persistence , and Regularity thms, and
There is an elementary proof by using border basis.
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The Hilbg,(X) inside the Grg. (X)

» Algebraic structure of Hilb,(X) as projective variety is given

by means of the bijection
Hilbf, (X) «—

WA = {(S4/1a: Siia/las) € Grley (X)xGrly . (X) | S{la = I

/dHE:(/d)‘F(/d:51)+(/d352)+"‘+(/d:5d—1)

» This holds by Gotzmann Persistence , and Regularity thms, and
There is an elementary proof by using border basis.

» In A-B-M (2008), Brachat-Lella-Mourrain-Roggero (2010),
Lederer (?), find an inmersion of it inside the grgg (X) with global
equations of degree two. In the following we show how to get it
inside a product of Grasmanians with equations of degree two.

M.E. Alonso
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Global equations for Hilbj,(X)

» |) A Determinantal identity. Let A :=S}/l, € gr_éfc7 (X),

B = (b1,...,b,) be a family of homogeneous polynomials of degree d, then,
Apga— Z:H:I AB[bi‘a] b =0 in A7f01" ac Sj

where BY1a = (b, ... bi_1,a,bis1,...,b,).
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Global equations for Hilbj,(X)

» |) A Determinantal identity. Let A := S}/l € gré, (X),
B = (b1,...,b,) be a family of homogeneous polynomials of degree d, then,
Apa— Zf:l AB[bi“’] bi =0in A, for a € Sj
where B3 = (b, ... bi_1,a,bis1,...,b,). Let it be
61(a)  o1(b1) -+ du(by)

M = : :
Su(a)  Ou(b1) -+ Sulbu)
1 1 1

As MAdj(M)* = det(M)I(,41)x(u+1)- We get the last equality

Ap 0
Agiby 1) 0
AB[b;Ha] det(M)

Developmg this product, the first © coordinates show that every d; vanishes at
Apa—3 " Agpia bi =0, therefore Aga— 1 Ay bi = 0EA.

M.E. Alonso
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Conti.

Theorem: Let d > p be an integer. Hilbh,(X) is the projection on grs.(X)
of the variety of grgg (X) x gré‘; 1(X) defined by the equations
+

’ ’
AB AB’,xka - Z AB[b\al AB’,xkb = 07
beB

for all families B (resp. B’) of u (resp. i — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B', xxa is the family
(bla ceey bufl,Xka).
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Conti.

Theorem: Let d > p be an integer. Hilb},(X) is the projection on gre. (X)
of the variety of grgg (X) x Qr_% 1(X) defined by the equations
+

Ap AlB’,xka - Z Agppla A/B’,xkb =0,
beB
for all families B (resp. B’) of p (resp.  — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B',xca is the family
(by, ..., b1, xca)

Proof. Let (A,A) € gr_% (X) x Qr_% 1(X) satisfying the equations above.
+
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Conti.

Theorem: Let d > p be an integer. Hilb},(X) is the projection on gre. (X)
of the variety of grgg (X) x Qr_% 1(X) defined by the equations
+

/ ’
Agp AB’,xka - Z AB[b\E] AB’,xkb = 07
beB

for all families B (resp. B’) of p (resp.  — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B',xca is the family
(by, ..., b1, xca)

Proof. Let (A,A) € gr_% (X) x Qrg‘;ﬂ(X) satisfying the equations above.
A = S4/lg with ker(A) := I satur. homog. ideal ofS,.)
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Conti.

Theorem: Let d > p be an integer. Hilb},(X) is the projection on gre. (X)
of the variety of grgg (X) x Qr_% 1(X) defined by the equations
+

Ap AlB’,xka - Z Agppla A/B’,xkb =0,
beB

for all families B (resp. B’) of p (resp.  — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B',xca is the family
(by, ..., b1, xca)
Proof. Let (A, A/) € gr_% (X) x Qrg‘;ﬂ(X) satisfying the equations above.
A = S4/lg with ker(A) := I satur. homog. ideal ofS,.)
Let us to prove that S; - ker A C ker A", Let B be a basis of A (so that Ag is
invertible in A), and let f be an element of ker A.
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Conti.

Theorem: Let d > p be an integer. Hilb},(X) is the projection on gre. (X)
of the variety of gr;; (X) x Qr_% 1(X) defined by the equations
+

Ap AlB’,xka - Z Agppla A/B’,xkb =0,
beB

for all families B (resp. B’) of p (resp.  — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B',xca is the family
(b;,...,b;_l,xka?
Proof. Let (A,A) € gr_% (X) x Qr“;ﬂ(X) satisfying the equations above.
A = S4/lg with ker(A) := I satur. homog. ideal ofS,.)
Let us to prove that S; - ker A C ker A", Let B be a basis of A (so that Ag is
invertible in A), and let f be an element of ker A.By linearity, equations above
imply that A;S,ka =0forall k=1,...,n and all subset B’ of 1 —1
monomials of degree d + 1 (because Agpin = 0).
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Conti.

Theorem: Let d > p be an integer. Hilbh,(X) is the projection on grs.(X)
of the variety of grgg (X) x gré‘; 1(X) defined by the equations
+

D5 Ao — > Dgivia D s =0,
beB
for all families B (resp. B’) of u (resp. i — 1) monomials of degree d (resp.
d + 1), all monomial a € S and for every k (where B', xxa is the family
(bi, ce b;,l,xka).

Proof.The reciprocal argument is similar using the same determinantal equality.

M.E. Alonso
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Its projection on gr%*
Grasmanian.

Hilb%, (X) +—
Hilbf, (X) = {(S4/ls, Sd1/la1) € Grty (X) x Grt

Ax (X) | Sf‘ g = Id+1}
d+1
(X) gives the embedd. of Hilb,(X) in a
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Equations for = n =2

Hilb%, (X) «—
Hilb%, (X) = {(S4 /14, S11/la+1) € grg?*(X) X Qré‘j* (X) | Sty = lgsa}.
+1

Its projection on grg‘A*(X) gives the embedd. of Hilb,(X) in a

Grasmanian.The equatibns are computed with the same technique, but they are
more involved.
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Flatness and Border bases

The punctual Hilbert scheme

Tangent Space to the punctual Hilbert scheme

Equations for = n =2

Hilb%, (X) «—
Hilb%, (X) = {(S4 /14, S11/la+1) € gr%*(X) X gr;‘g“ (X) | Sty = lgsa}.
+1

Its projection on grg‘A*(X) gives the embedd. of Hilb,(X) in a

Grasmanian.The equatibns are computed with the same technique, but they are
more involved. For ;1 = n = 2 we obtain, plus permutation of x, y and z:
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Equations for = n =2

Hilb%, (X) +—
Hilb{, (X) = {(S4/1a, Sdi1/ls+1) € Gris. (X) x Griy. (X) | S+l = lasa}

Its projection on Gr, A*(X) gives the embedd. of Hilb%,(X) in a
Grasmanian.The equatlons are computed with the same techmque but they are

more involved. For ;1 = n = 2 we obtain, plus permutation of x, y and z:

Ay2 xy Ax2,><z Axy,yz sz 0»

B B, — Dy Ayzy —Byyyz B2 2 =0,
2 sy Byxz + B2 2 sz,xz 802,802, =0

Do, B, =AY =B, By =0,

sz.xy sz,zz = By, xz sz,xz - sz,xz sz,yz =0,

B2, B0, — By Ao, =0,

Azz,xz sz,zy - Axy,xz AZQ,XZ - Azy,xz Ax2,22 =0,

Do Byt B oD B Ao =0,

A><2,><z Ay2 xz A>2<,v,><z - Ax21Xy Axz,yz =0,
oDy ~ Dy Bo — B Do =0,

Ayz,xz Ayz,)(z + Ayz,xz A><y,yz - Ayz,xz Ayzyxz - Azz,xy Axyyyz =0,

By 2 Byzxz + By yz Bayyz = Bryyz Do, — A 2 A 2 =0,
yzYXZ xy + Ayz,xz Axy,zz - Ayz,xz Ayz,xz - Azz,xy A><y,yz =0,
v, y2 Azzyxy + Dxy,yz Axy’zz — Dyy,yz Dyz xz — Axy’zz Dxy,yz =0,
iy,xz - sz,yz sz,xz = Buzyz sz,xy =0,

Dozyz By, 2+ B, 2B 2=0,

Al —BywzB2 ., —A, 2B, 2 =0

M.E. Alonso
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Equations for = n =2

Hilbs, (X) «—
Hilb, (X) = {(S7/la, Siy1/las1) € Gréx. (X) x Grés. (X) | SEdy = lgpa}.

Its projection on Gr{, . (X) gives the embedd. of Hilbg,(X) in a
Grasmanian. The equatibns are computed with the same technique, but they are
more involved. For ;1 = n = 2 we obtain, plus permutation of x, y and z:

» They come from: commutation of the multiplication by the variables and by
considering multiplication and changes of chart w.r.t the Plucker coordinates.

The same were obtained by Brodsky-Sturmfels (2010), using Groebner bases.

M.E. Alonso
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The Tangent space to the punctual Hilbert scheme

We consider the border relations at a point: h% o € B
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The Tangent space to the punctual Hilbert scheme

We consider the border relations at a point: h% o € B
» Write he, = hS + ehl, + O(e?) where hl(x) := > peB hiﬁxﬁ.
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The Tangent space to the punctual Hilbert scheme

We consider the border relations at a point: h% o € B
» Write he, = hS + ehl, + O(e?) where hl(x) := > peB hiﬁxﬁ.
Determine the linear system satisfied by h' := (héﬂ)aeagﬁeg.
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The Tangent space to the punctual Hilbert scheme

We consider the border relations at a point: h% o € B

> Write b5, = h3 + ehl + O(?) where hL(x) = Y s b 5x .
Determine the linear system satisfied by h' := (héng)aeagﬁeg.
» Operator multiplication by x; : Mg, decomposes:

M, = /\/ISI, + 8/\/1)%,. + O(e?), where I\/I)?I, is the operator of
multiplication by x; in A® and M} is linear in h'.
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The Tangent space to the punctual Hilbert scheme

We consider the border relations at a point: h% o € B

> Write b5, = h3 + ehl + O(?) where hL(x) = Y s b 5x .
Determine the linear system satisfied by h' := (héﬁ)aeagﬁeg.
» Operator multiplication by x; : Mg, decomposes:

M, = /\/ISI, + sl\/l)%,. + O(e?), where I\/l)?,, is the operator of
multiplication by x; in A® and M} is linear in h'.

The commutation implies

M;, o My, — My o M5, = (M2 o M3 — MY o Mp)+
+e(My, o MY + M o My — My o MY — M2 o My) + O(e?)

= e(My, o MY + M2 o My — My o M — MY o ML) + O(e?)

M.E. Alonso



Border basis
Flatness and Border bases
The punctual Hilbert scheme
Tangent Space to the punctual Hilbert scheme

» We deduce the linear equations in h*

1 0 0 1 1 0 0 1
I\/IX_ol\/l)g+/\/IXl_o/\/IXj—l\/Ion/\/IXi—/\/l)gol\/lxl_

0(1 < i<j< n)s]
The above are the equations of the Tangent space T, to
the variety /3 at the point [y whose border relations are
(ha)a

M.E. Alonso
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THANK YOU FOR YOUR ATTENTION!
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