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Abstract

In this report, we present a technique to compute small modular roots of a polynomial F (Y ).
When F (Y ) is over the integers Z, this is the well-known Coppersmith technique [18] which has
been largely studied in the last twenty years, in particular for its applications in cryptography.
Here, we focus on the situation of a polynomial F (Y ) over the univariate polynomials K[X],
which has mainly received attention through the specific case of the Guruswami-Sudan algorithm
for the list-decoding of Reed-Solomon codes [24].

Here, we first present this analogue to the Coppersmith technique over K[X]. Then, we focus
on the so-called interpolation step, and we sketch the folklore solution via fast polynomial lattice
basis reduction. Finally, we show that this interpolation step can be solved more efficiently by
rather solving a system of linear modular equations over K[X].

1 Coppersmith technique over the univariate polynomials

In what follows, K denotes the base field, P = K[X] is the ring of univariate polynomials over K,
and P[Y ] is the ring of univariate polynomials in Y over P.

Problem. In the polynomial case, the Coppersmith technique solves Problem 1 below.
We note that one can consider M monic without loss of generality. The size of the input,

meaning the number of coefficients from K used to represent it, is at most dn for F and n for
M . The size of the output is not obvious to analyze: the number of solutions depends on the four
parameters d, n, k and t, and may be exponential in d or n.

Under the assumption t2 > knd, the K[X] version of the Coppersmith technique solves Prob-
lem 1 in time polynomial in d and n (for a detailed study, see for example [15, 17]). This technique
consists of two main steps:

• first, the interpolation step which builds a polynomial Q ∈ P[Y ] that satisfies Q(p) = 0 for
all solutions p;

• second, the root-finding step which computes the roots of Q(Y ) in P and returns those that
are actual solutions p.
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Problem 1 (Small modular roots).
Input:

• the base field K,

• nonnegative integers d, n, k and t,

• F ∈ P[Y ] monic of degree d with coefficients of degree < n,

• M ∈ P of degree n.

Output: all p ∈ P such that

(1.i) deg(gcd(F (p),M)) > t;

(1.ii) deg(p) 6 k.

Guruswami-Sudan decoding. The best-known particular case of Problem 1 is certainly the
Guruswami-Sudan algorithm for the list-decoding of Reed-Solomon codes [46, 24]. In this context,
k+ 1 is the message length (or dimension of the code) and n− t is an upper bound on the number
of errors that can be corrected by the list-decoder; we have as input the code evaluation points
x1, . . . , xn which are pairwise distinct in K as well as a received word (y1, . . . , yn) ∈ Kn. Then, the
Guruswami-Sudan algorithm solves the above problem with the input M = (X − x1) · · · (X − xn)
and F = Y − L where L is the Lagrange polynomial such that L(xi) = yi for all i. This particular
input implies that deg(gcd(F (p),M)) counts the number of indices i for which p(xi) = yi: this is
the number of correct locations, or the agreement, with respect to the given p ∈ P.

There has been a lot of work on this specific case, mainly focusing on reducing the cost of the
interpolation step (the root-finding step has been discussed for example in [42, 2, 41, 9]). In the
original Guruswami-Sudan paper, the authors find the interpolation polynomial Q(Y ) by solving
a linear system over K via Gaussian elimination; the fact that we can build such a system with
more unknowns than equations follows from the assumption t2 > kn. There are several branches
of faster algorithms, relying on

• structured linear algebra [37, 42, 49, 14], which fully linearizes the problem into a linear system
over K, and takes advantage of the structure of the matrix of this system (block-Vandermonde,
quasi-Toeplitz, . . . ) to solve it more efficiently;

• K[X]-lattice basis reduction [1, 40, 30, 7, 9, 15, 34, 17] which, in a top-down fashion, first builds
a known basis of the K[X]-module of interpolation polynomials Q(Y ) and then combines the
elements of this basis to obtain another basis of this module with smaller degrees;

• polynomial approximation [36, 31, 35, 26] which, in a bottom-up fashion, incrementally builds
a basis of this K[X]-module with minimal degrees, starting from the identity matrix.

The lattice-based method of the second item, that we sketch in Section 2, is analogous to the
Coppersmith technique over the integers and to the CRT list-decoding [10]; yet it is unclear whether
the authors of [1, 30, 7] were aware of this analogy. In this approach, unlike in the methods of
the first and third items, one does not use the specificity of L and M . As such, it thus works in
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general with F = Y − L and M for any L and M of degree < n and n, respectively; as we will see
in Section 2, it is easily adapted to work for the general case with d > 1.

Other applications. Multivariate extensions of Problem 1 arise in and are tackled by list-decoding
algorithms for Parvaresh-Vardy codes [38] and for folded Reed-Solomon codes [23], as well as an
algorithm for optimally robust Private Information Retrieval [19]. In this case, the root-finding
step becomes more involved; in [19] the overall process is heuristic since the interpolation step may
not give enough independent equations to conclude, while in [38, 23] one has pre-existing equations
and only needs to find one more.

Still, concerning the interpolation step we have the same three approaches, with fast algorithms
using fast structured systems solvers [14], K[X]-lattice basis reduction [13, 12, 16], and approxima-
tion algorithms [26, 27]1.

The interpolation step. In the rest of this report, we focus on the interpolation step, which can
be formalized as follows.

Problem 2 (Interpolation step).

Input:

• the base field K,

• nonnegative integers d, n, k and t,

• F ∈ P[Y ] monic of degree d with coefficients of degree < n,

• M ∈ P of degree n,

• positive integer µ.

Output: Q ∈ P[Y ] nonzero such that

(2.i) Q belongs to the ideal

I = 〈M,F 〉µ = 〈Mµ,Mµ−1F, . . . ,MFµ−1, Fµ〉

of P[Y ],

(2.ii) degX(Q(XkY )) < µt.

Writing Q = Q0 +Q1Y +Q2Y
2 + · · · , the second item requires that deg(Qj) < µt− jk for all

j 6 degY (Q). In particular, the degree in Y of Q cannot grow arbitrarily large: it is bounded from
above by µt/k.

The integer µ is called the multiplicity parameter and is introduced to give more power to the
technique (allowing it to work in more cases). For example, the Sudan list-decoding algorithm [46]
is with µ = 1 and is able to correct up to about n −

√
2kn errors, while the Guruswami-Sudan

algorithm [24] improves this to n−
√
kn by using µ > 1.

1Although this is not presented here, it is reasonable to expect that one can derive approximation equations in
the multivariate case following the same ideas as those in Section 3 in the univariate case.
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Now suppose that we have computed a solution Q to this problem. Then, every solution p to
Problem 1 satisfies

• deg(gcd(F (p),M)) > t and thus deg(gcd(Q(p),Mµ)) > µt since Q belongs to I,

• deg(p) 6 k and thus deg(Q(p)) 6 degX(Q(XkY )) < µt,

which together imply Q(p) = 0. Thus, having such a Q, it remains to compute its roots over P
and to verify which of them are solutions to Problem 1.

The choice of the parameter µ > 1 can be done by counting how many linear unknowns and
linear equations we have in the K-linear system corresponding to the given instance of Problem 2,
and by taking µ sufficiently large so that there are more unknowns than equations. This is only
feasible under some assumption on the parameters n, d, k, t.

Namely, assuming that t2 > knd, one can choose

µ =

⌊
k(nd− t)
t2 − knd

⌋
+ 1 and ` =

⌊
µ
t

k

⌋
, (1)

where ` is called the list-size parameter : then µ and ` are such that there is a solution Q to
Problem 2 with degY (Q) 6 `. Indeed, this choice implies the inequality∑

j6`

(µt− jk) >
∑
i<m

(µ− i)nd , (2)

which precisely states that there are more unknowns than equations in the linearized problem. (We
will also derive this inequality from the lattice-based approach in Section 2.) Furthermore, this
shows that the number of solutions to Problem 1 is at most ` < 2tnd.

In multivariate extensions of Problem 1, which we will not discuss in the rest of this report, we do
not have a nice closed-form expression for a “good” choice of the parameters. This choice becomes
more involved, even though the idea is the same as above: it is made so that some well-identified
inequality is satisfied, so as to ensure the existence of a solution.

Lattice-based and approximation-based approaches. In the next section, we present a
lattice-based solution to the interpolation step, which is the direct analogue to the Coppersmith
technique over the integers; we also give an overview of the literature of lattice basis reduction
over K[X]. This leads to a first solution to Problem 2, which is deterministic and uses Õ(`ωµn)
operations in K. Here, the notation Õ(·) means that we omit logarithmic factors in the cost bound,
and ω stands for the exponent of matrix multiplication.

In Section 3, we show how the first condition on Q belonging to I can be efficiently rewritten
as a system of linear modular equations over K[X]. This leads to the fastest solutions we are aware
of for Problem 2, using one of the following algorithms.

• [14] which is probabilistic and relies on the fast structured system solver in [11] to solve a quasi-
Toeplitz system efficiently; it solves Problem 2 using an expected number of Õ(`ω−1µ2nd)
operations in K, returning only one solution Q which satisfies the degree constraints.

• [33] which is deterministic and builds upon previous work on Hermite-Padé approximation [4,
20, 45, 50, 26, 27] to solve this kind of systems; it uses Õ(`ω−1µ2nd) operations in K and
returns a whole basis of solutions in the so-called shifted Popov form, which contains in
particular at least one solution which satisfies the degree constraints.
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In some contexts, this approach represents a significant improvement over the lattice-based ap-
proach; for example, when µ = 1 and d as in Sudan decoding, the speed-up factor is `. In general,
the factor is `/(µd), with ` > µd by choice of the parameters.

2 Interpolation step via basis reduction

In this section, we present an approach to solve Problem 2 via reduction of matrices over K[X].

Overview of the approach. The lattice-based approach to solve Problem 1 uses the parameter
` to bound the degree in Y of the sought solution Q. In coding theory, the integer ` is called the
list-size parameter since it bounds the size of the list of solutions to Problem 1. Then, Q is written
Q = Q0 +Q1Y + · · ·+Q`Y

` for unknown polynomials Qj ∈ P, and it is identified with the vector
[Q0, Q1, . . . , Q`]. This is a linearization of the problem with respect to the variable Y : we will work
in P-submodules of P`+1, ignoring the bivariate nature of the initial problem. In other words, the
initial problem in P[Y ] has been transformed into a problem of linear algebra over P.

In what follows, we call polynomial lattice any free P-module of finite rank. As a consequence,
a polynomial lattice has a basis which can be represented by a matrix B with entries in P, each
row of B containing the representation of an element of the basis. Then, a polynomial matrix P is
reduced if its rows have some type of minimal degree (precise definitions are given below). What
we call lattice basis reduction is the problem of computing a reduced form of a given matrix B,
that is, computing a reduced matrix P whose rows generate the same lattice as B.

Then, the strategy is to first build a known basis B of the lattice of all [Qj ]j such that Q belongs
to the ideal I: the vectors in this lattice correspond to polynomials Q that satisfy (2.i). Then, we
compute a reduced form P of this basis. By definition, at least one of the rows of P has minimal
degree, and thus corresponds to some Q that satisfies the weighted-degree condition (2.ii). We will
see how to take the degree weight into account during the basis reduction by using the so-called
degree shifts.

Building the lattice basis. This construction, detailed in [15], is analogous to a construction
encountered in the Coppersmith technique over the integers, such as in [25]. The same construction
was used in lattice-based algorithms for the Guruswami-Sudan decoding [1, 40, 30, 13, 7, 9].

The condition (2.i) on Q states that Q belongs to the ideal I = 〈F,M〉µ: with the degree
constraint degY (Q) 6 `, this is equivalent to having Q in the polynomial lattice generated by

B = {Mµ−iY rF i, i < µ, r < d, id+ r 6 `} ∪ {Y rFm, r 6 `−md}. (3)

This basis is conveniently represented as a matrix B ∈ P`+1×`+1 as shown in Figure 2 (page 6).
This matrix B has a triangular structure, and its diagonal elements are

Mµ, . . . ,Mµ︸ ︷︷ ︸
d

,Mµ−1, . . . ,Mµ−1︸ ︷︷ ︸
d

, . . . ,M, . . . ,M︸ ︷︷ ︸
d

, 1, . . . , 1︸ ︷︷ ︸
`+1−µd

.

To obtain the polynomials in B, it is enough to compute Mµ,Mµ−1F, . . . ,MFµ−1, Fµ; these can
be computed using a total of Õ(µ3nd) operations in the field K.

The entries of B can be computed modulo Mµ (except for the top-left entry which is Mµ itself)
without loss of generality. Thus, in the dense representation of B, the maximum degree of its entries
is µn. This representation uses O(`µ2nd) elements from K, a bound that is reached generically.
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Figure 1: The basis B of the polynomial lattice, represented as a square `+ 1× `+ 1 matrix over
K[X]. Each Ti is a trapezoidal Toeplitz block with the shape given above, where [Ti,0, . . . , Ti,id]
is the coefficient vector of the polynomial F iMµ−i. The last block Tµ is formed by the upper
d = (`+ 1) rem d rows of Tµ.

We remark that B is lower triangular, with a triangle of zeroes in the bottom left corner, and it
has Toeplitz blocks: as of today, this structure is not used by the fastest algorithms. Hence, as we
will see below, for most reduction algorithms, B is essentially considered as an `+ 1× `+ 1 matrix
of degree µn, whose size is O(`2µn). This bound is beyond our target cost Õ(`ω−1µ2nd).
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Reduced bases. This notion is defined for example in [28, Section 6.3.2], and has received a lot of
attention [39, 28, 8, 48, 32, 20, 43, 22]. It can be thought of as similar to basis reduction of Euclidean
lattices, but one should keep in mind that, in short, everything is easier over the polynomials. In
particular, we are able to compute shortest vectors and minimal bases in polynomial time (even in
quasi-optimal time if it turns out that ω = 2).

In the problem of reduction, we have a basis of a lattice represented as a matrix A, and we
want to compute another basis which has some type of minimality. Here, the measure is the degree
of the rows of the matrix: for a row p = [p1, . . . , pm] ∈ P1×m, its degree is the maximum of the
degrees of its entries. Here, we focus on matrices A that are square and nonsingular.

To take into account the degree constraints in our problem, we will need the notion of shifted
degree, where some degree weights are put on the columns: for a shift s = (s1, . . . , sm) ∈ Zm, the
s-degree of a row p = [p1, . . . , pm] ∈ P1×m is max16j6m(deg(pj) + sj). Then, we also define the
s-row degree of a matrix A ∈ Pm×m by rdegs(A) = (d1, . . . , dm) with di the s-degree of the i-th
row of A.

In this context, any two bases A and P of a given lattice are left-unimodularly equivalent, which
means that there exists a matrix U with determinant in K − {0} and such that A = UP. For a
given shift s, a nonsingular matrix A ∈ Pm×m is said to be s-reduced [28, 6] if its shifted row degree
rdegs(A), sorted in nondecreasing order, is lexicographically minimal among the s-row degrees of
all matrices left-unimodularly equivalent to A (that is, which represent bases of the same lattice).

Then, an s-reduced form of A is an s-reduced matrix P which generates the same lattice as A,
that is, P1×mP = P1×mA. In particular, P is left-unimodularly equivalent to A, and at least one
of its rows is a vector in the lattice with minimal s-degree.

Let δ denote the maximum degree in the matrix A. Then, algorithms for computing reduced
form of A include:

• [32] which iteratively cancels the high-degree entries of A until it is reduced, using O(m3δ2)
operations in K in the worst case;

• [1, 2] which proposes the same algorithm and a divide-and-conquer improvement, leading to
the cost bound Õ(m4δ);

• [20] which uses the so-called high-order lifting and Hermite-Padé approximation to obtain
Õ(mωδ) (probabilistic);

• [22] which gives a deterministic variant of the latter with the same cost bound;

• [33] which is discussed below.

All these algorithms compute reduced bases for the uniform shift s = (0, . . . , 0). In our context,
we want to use them with the shift (0, k, . . . , `k): this can be done by multiplying the columns of
the matrix by the corresponding powers of X. Besides, we are only interested in a single sufficiently
small vector in the lattice, but as of today it is not known how to compute such a vector more
efficiently than by computing a whole reduced basis.

Back to Coppersmith technique. Here, our lattice matrix B has dimension ` + 1 and the
largest degree of its entries is µn = deg(Mµ). Before applying a reduction algorithm, we multiply
the columns of B by the powers 1, Xk, . . . , X`k so as to take the degree constraints into account;
since `k 6 µt 6 µn, the degree of the new input matrix B̃ remains in O(µn).
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Then, using one of the basis reduction algorithms in [20, 22], this matrix B̃ is reduced using
Õ(`ωµn) operations in K. Among the rows of the obtained matrix, it is guaranteed that we will
find a row [QjX

jk]j which has minimal degree: this one corresponds to Q = Q0 +Q1Y + · · ·+Q`Y
`

that solves Problem 2 (unless no solution exists, in which case either t2 6 knd or the parameters µ
and ` have not been chosen properly).

Besides, it is known that such a row with minimal degree satisfies

max
06j6`

deg(QjX
jk) 6

deg(det(B̃))

dim(B̃)
,

that is,

deg(Q(XkY )) 6
1
2`(`+ 1)k + 1

2µ(µ+ 1)nd

`+ 1
.

Thus, to ensure the existence of a solution, we require that

µt >
1
2`(`+ 1)k + 1

2µ(µ+ 1)nd

`+ 1
,

which is equivalent to the inequality in (2).

A possible improvement. For an arbitrary shift s, the algorithm in [33] computes the s-Popov
form of A (which is a canonical form among the s-reduced forms of A) with an expected number of
Õ(mωdσe) operations, where σ > 0 is a parameter that is bounded from above by both the average
of the column degrees and the average of the row degrees of A.

We may be able to take advantage of this result if we rather build the lattice basis matrix in

the shape

[
T 0
A I

]
with T the principal µd× µd submatrix of B, and I the identity matrix. Since

the first µd columns of this matrix have degree at most µn and its remaining columns are constant,
the average of its column degrees is µ2nd/(`+ 1), and the algorithm in [33] finds a shifted reduced
form of such a matrix in expected Õ(`ω−1µ2nd) operations.

This is our target cost announced in Section 1.2 With this method, here would be the sketch
of the global algorithm:

1. compute the basis of the lattice of solutions Q with the shape

[
T 0
A I

]
as above,

2. compute the Smith form of this matrix (probabilistic, [44]),

3. compute partial information on a right-multiplier corresponding to this Smith form (probabilis-
tic, [21]),

4. use these to set up a system of linear modular equations

5. solve this system using the algorithm in [33] (see Section 3.3 for some more details).

In the next section, we propose to exploit the particularities of our problem here to avoid steps
2 and 3, which are probabilistic and non-trivial. Instead of building a basis of the lattice and
trying to reduce it, we directly follow the dual approach: we build a system of modular equations
that describe the lattice. It remains to find a small degree solution to this system, which is done
deterministically in [33]. This yields the cost bound Õ(`ω−1µ2nd) for Problem 2.

2Still, one has to verify that the construction of this other basis can also be done within a reasonable cost bound,
such as Õ(`µ2nd); I have not checked this yet.
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3 Interpolation step via approximation

In this section, we present a reduction of Problem 2 to a problem of polynomial approximation, or
more precisely to a system of linear modular equations over P. Then, we give an overview of fast
algorithms for solving such systems, in Section 3.3.

3.1 Warm-up: the specific case d = 1

Here, we first present this reduction to a problem of approximation in a simple case, but nonetheless
important: when d = deg(F ) = 1, which includes the Guruswami-Sudan algorithm. Although we
follow a different presentation to ease the transition to the general case in the next subsection, the
material here is very close to results proved and used in [42, 49, 14].

In what follows, we write d = Y − L for some L ∈ P of degree less than n. Assuming that
µ = 1, the reduction is as follows: we have Q ∈ I = 〈Y − L,M〉 if and only if Q(L) = 0 mod M ,
which is rewritten as the single modular linear equation Q0 +Q1L+ · · ·+Q`L

` = 0 mod M (this
was used in [42] to speed-up the Sudan algorithm). Now, when µ > 1, this was generalized in [49,
Proposition 3] using the notion of Hasse derivative: Q ∈ I = 〈Y − L,M〉µ if and only if the
derivatives of Q(Y ) at order 0, . . . , µ− 1 vanish at L modulo Mµ, . . . ,M , respectively.

Here, we show this property, reformulated as a change of basis which can be computed via some
Taylor expansions. We are looking for Q ∈ P[Y ] which belongs to the ideal I of P[Y ] generated by

Mµ,Mµ−1(Y − L), . . . ,M(Y − L)µ−1, (Y − L)µ.

This is equivalent to

Q = Q̂0M
µ + Q̂1M

µ−1(Y − L) + · · ·+ Q̂µ−1M(Y − L)µ−1 + Q̂(Y )(Y − L)µ

for some Q̂0, . . . , Q̂µ−1 ∈ P and some Q̂ ∈ P[Y ]. Adding the constraint deg(Q) 6 `, this is
equivalent to Q belonging to the lattice M = I ∩ P[Y ]6` of dimension `+ 1 with basis

B = {Mµ,Mµ−1(Y − L), . . . ,M(Y − L)µ−1, (Y − L)µ, Y (Y − L)µ, . . . , Y `−µ(Y − L)µ}. (4)

In order to transform this property of belonging to the lattice M into a property of satisfying
modular equations, one first rewrites Q = Q0 + · · ·+Q`Y

` in the basis

B′ = {1, Y − L, . . . , (Y − L)µ−1, (Y − L)µ, Y (Y − L)µ, . . . , Y `−µ(Y − L)µ} (5)

of P[Y ]6`, that is,

Q = Q̂0 + Q̂1(Y − L) + · · ·+ Q̂µ−1(Y − L)µ−1 + Q̂(Y )(Y − L)µ

for some Q̂0, . . . , Q̂µ−1 ∈ P and some Q̂ ∈ P[Y ] of degree 6 `− µ. We remark that the coefficients

Q̂i of Q written in B are unique: ensuring that Q is in the latticeM is thus equivalent to ensuring
the modular equations

Mµ−i divides Q̂i for i < µ. (6)

This is the linear system of modular equations over P that we are going to focus on. It remains to
show that we can compute the Q̂i’s efficiently as P-linear combinations of the unknown Qi’s.
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In this special context where F = Y − L, the computation of the Q̂i’s is particularly straight-
forward since explicit formula are known for the change of basis from {1, Y, . . . , Y `} to B′, namely
thanks to the Taylor formula

Q =
∑
j6`

Qj(Y − L+ L)j =
∑
i6`

∑
j>i

(
j

i

)
QjL

j−i

 (Y − L)i.

This gives an explicit formula for the coefficients [Q̂i]i of Q in the basis B′, as linear combinations
with explicit coefficients in P of the coefficients [Qj ]j in the basis B; namely,

Q̂i =
∑
j6`

fijQj with fij =

(
j

i

)
Lj−i

We have in particular fij = 0 for i > j and fjj = 1. From the equations (6), we thus obtain the
system of linear modular equations∑

j6`

fijQj = 0 mod Mµ−i for i < µ.

In particular, due to the nature of these equations, the coefficients fij ’s can be computed modulo
Mµ without loss of generality.

This set of equations, along with the degree constraints on the coefficients Qj given by the
condition (2.ii), is precisely the simultaneous polynomial approximations problem tackled in [14] or
the minimal solution basis problem studied in [33]. We give an overview of this in Section 3.3.

3.2 Reduction in the general case d > 1

In the specific case F = Y − L, we can summarize the reduction presented above as follows: first,
decompose Q in the basis of P[Y ]6` formed by the polynomials {1, F, . . . , Fµ, Y F, . . . , Y `−µFµ},
and second, express the fact that the coefficients in this decomposition must vanish modulo some
powers of M , so that Q is actually in the module generated by {Mµ,Mµ−1F, . . . ,MFµ−1, Fµ}. In
the rest of this section, we will extend this idea to the general case d > 1.

The change of basis is now from the basis {1, Y, . . . , Y `} of P[Y ]6` to the basis

B′ = {Y rF i, r < d, i < µ} ∪ {Y rFµ, r 6 `− µ}.

In this more general context, we will not be able to give an explicit formula for the coefficients
[Q̂i]i of Q in B′. Still, expressing them as linear combinations of [Qj ]j , we will show that the
coefficients in these combinations can be computed efficiently. Let us make this more precise by
properly defining the problem we are faced with: Problem 3 below.

Before working on solving Problem 3 efficiently, we explain our interest in this problem: its
solution helps us to rewrite the fact that Q belongs to the ideal I into a set of divisibility properties
involving the coefficients Q̂i for i < µ. These divisibility properties give us the approximation
equations we are looking for.

Lemma 1. Let Q = Q0+Q1Y +· · ·+Q`Y ` in P/(Mµ)[Y ]. Then, the polynomials Q̂0, Q̂1, . . . , Q̂µ−1

defined for all i < µ by Q̂i =
∑

r<d

∑
j6` f

(r)
ij QjY

r satisfy

Q = Q̂0 + Q̂1F + · · ·+ Q̂µ−1F
µ−1 + Q̂Fµ

10



Problem 3 (Change of basis).
Input:

• M ∈ P of degree n,

• F ∈ P[Y ] monic of degree d with coefficients in P of degree < n,

• `, µ positive integers,

Output: polynomials {f (r)ij ∈ P/(Mµ), i < µ, j 6 `, r < d} such that

for each j 6 `, the vector [f
(r)
ij ]i,r gives the first µd coefficients in the

decomposition of Y j in the basis B′:

Y j =
∑
i<µ

∑
r<d

f
(r)
ij Y

rF i + f̂jF
µ for some f̂j ∈ P/(Mµ)[Y ] . (7)

in P/(Mµ)[Y ], for some Q̂ ∈ P/(Mµ)[Y ].
Besides, Q is in the ideal I of P[Y ] generated by {Mµ,Mµ−1F, . . . ,MFµ−1, Fµ} if and only if

for every i < µ and r < d, Mµ−i divides Q̂
(r)
i . Equivalently, writing Q̂

(r)
i =

∑
j6` f

(r)
ij Qj for all

i < µ and r < d, then Q satisfies the system of linear modular equations∑
j6`

f
(r)
ij Qj = 0 mod Mµ−i for all i < µ and r < d. (8)

We note that here we are working modulo Mµ. This is sufficient for our purpose, since all
approximation equations we are going to focus on are modulo powers of M which do not exceed
µ. Besides, this helps to keep the size of the elements of P we are manipulating reasonable.
In the rest of this section, we show how to solve Problem 3 efficiently, namely using Õ(`µ2nd)
operations in K, which is quasi-linear in the number of field elements used to represent the output

{f (r)ij , i < µ, j 6 `, r < d}.

Theorem 2 (Change of basis). Problem 3 can be solved using Õ(`µ2nd) operations in K.

When applying this change of basis to solve Problem 2, the coefficients Qj ’s of Q are unknowns:

this is why we focus on computing the coefficients f
(r)
ij ’s of the linear combinations Q̂i. (In the case

where the Qj ’s are known, one may directly compute the Q̂i’s as well as Q̂ using Õ(`µn) operations
in K.)

Furthermore, we remark that we are not interested in computing the polynomial Q̂, although
Algorithm 2 below could be easily adapted to include the computation of Q̂. The reason is that

the mere representation of all coefficients f
(r)
ij , if also computing Q̂, uses Õ(`2µn) coefficients from

K, which is beyond our target cost bound Õ(`ω−1µ2nd) for solving Problem 2.

We will use the definition of the sought coefficients f
(r)
ij to compute them incrementally for

j ∈ {0, . . . , `}, using the relations between the decomposition of Y j and Y j+1 = Y · Y j . Thus, we
first focus on how to use the knowledge of the decomposition of some P ∈ P/(Mµ)[Y ]<µd in B′ to
compute the decomposition of Y P in B′.
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Lemma 3. Write F = F0 + · · · + Fd−1Y
d−1 + Y d, with the coefficients F0, F1, . . . , Fd−1 of degree

less than n. Let P ∈ P/(Mµ)[Y ] of degree less than µd with coefficients P
(r)
i ∈ P/(Mµ) in B′, that

is,

P =
∑
i<µ

∑
r<d

P
(r)
i Y rF i.

Then, Algorithm 1 computes coefficients {g(r)i , i < µ, r < d} in P/(Mµ) such that

Y P =
∑
i<µ

∑
r<d

g
(r)
i Y rF i + ĝFµ for some ĝ ∈ P/(Mµ) (9)

using Õ(µ2nd) operations in K.

Algorithm 1 (Change of basis: from P to Y P ).
Input:

• M ∈ P of degree n,

• F = F0 + · · ·+ Fd−1Y
d−1 + Y d in P[Y ] with coefficients of degree less than n,

• positive integer µ,

• P =
∑

i<µ

∑
r<d P

(r)
i Y rF i in P/(Mµ)[Y ].

Output: polynomials {g(r)i , i < µ, r < d} in P/(Mµ) such that (9).

1. g
(0)
0 ← −F0P

(d−1)
0

2. g
(0)
i ← P

(d−1)
i−1 − F0P

(d−1)
i for 0 < i < µ

3. g
(r)
i ← P

(r−1)
i − FrP (d−1)

i for 0 < r < d, 0 < i < µ

4. Return {g(r)i , i < µ, r < d}

Proof of Lemma 3. Using Y d = F − F0 − F1Y − · · · − Fd−1Y d−1, we have

Y P =
∑
i<µ

(
P

(d−1)
i Y d +

∑
0<r<d

P
(r−1)
i Y r

)
F i

=
∑
i<µ

(
P

(d−1)
i (F − F0 − · · · − Fd−1Y d−1) +

∑
0<r<d

P
(r−1)
i Y r

)
F i

=
∑
i<µ

(
−F0P

(d−1)
i +

∑
0<r<d

(P
(r−1)
i − FrP (d−1)

i )Y r

)
F i +

∑
0<i<µ

P
(d−1)
i−1 F i + P

(d−1)
µ−1 Fµ,

which gives the correctness of Algorithm 1. Now, for each i < µ and r < d the computation of g
(r)
i

involves one subtraction and one multiplication in P/(Mµ). Altogether Step 1 to Step 3 do at most
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µd subtractions and µd multiplications in P/(Mµ), which can be done using Õ(µ2nd) operations
in K.

We have now all the tools to give the main algorithm and prove Theorem 2.

Proof of Theorem 2. Algorithm 2 below computes the polynomials {f (r)ij , j 6 `, i < µ, r < d},
starting from the F

(r)
0i ’s that are known and using ` calls to Algorithm 1. Its cost is thus bounded

by Õ(`µ2nd), and its correctness follows from that of Algorithm 1.

Algorithm 2 (Change of basis).
Input:

• M ∈ P of degree n,

• F ∈ P[Y ] monic of degree d with coefficients of degree less than n,

• positive integers µ, `.

Output: polynomials {f (r)ij , j 6 `, i < µ, r < d} in P/(Mµ) such that (7) for j 6 `.

1. Set F
(0)
00 ← 1 and F

(r)
0i ← 0 for i > 0 or r > 0

2. For j from 1 to ` do

a. Define P =
∑

i<µ

∑
r<d F

(r)
j−1,iY

r

b. {f (r)ij , i < µ, r < d} ← Algorithm 1 on input M,F, µ, P

3. Return {f (r)ij , j 6 `, i < µ, r < d}

Now, having Lemma 1 and Theorem 2 it is easy to reduce the interpolation step of the Cop-
persmith technique (Problem 2) to a system of linear modular equations.

3.3 Solving systems of linear modular equations

Here, we give an overview of the existing fast algorithms for solving systems of linear modular
equations. This includes the well-known problem of Hermite-Padé approximation.

The problem. Hereafter, P6=0 denotes the set of nonzero univariate polynomials in P. We fix
some moduli M = (m1, . . . ,mn) ∈ Pn6=0, and for two matrices A,B ∈ Pm×n we write A = B mod M

if there exists a quotient matrix Q ∈ Pm×n such that A = B + QDiagM. Then, given a matrix
F ∈ Pm×n which specifies the equations of our system, we call solution for (M,F) any row vector
p ∈ P1×m such that pF = 0 mod M. Writing p = [p1 · · · pm] and F = [fij ], this matrix equation
corresponds to the system of linear modular equations

p1f1j + · · ·+ pmfmj = 0 mod mj for all 1 6 j 6 n.

13



The set of all such solutions p for (M,F) is a K[X]-submodule of P1×m, which obviously
contains lcm(m1, . . . ,mn)P1×m, and is thus free of rank m [29, p. 146]. Then, any basis of this
module can be represented as the rows of a square matrix P ∈ Pm×m, called a solution basis for
(M,F).

Furthermore, in our case we are interested in such a P which is s-reduced, so that it contains a
vector p of minimal s-degree. In this case, P is said to be an s-minimal solution basis for (M,F).

Problem 4 (Minimal solution basis).
Input:

• the base field K,

• dimensions m and n,

• polynomials M = (m1, . . . ,mn) ∈ Pn6=0,

• a matrix F ∈ Pm×n with deg(F∗,j) < deg(mj),

• a shift s ∈ Zm.

Output: an s-minimal solution basis for (M,F).

Hermite-Padé approximation. A well-known particular case of this problem is Hermite-Padé
approximation. In this context, the moduli are powers of X, namely, M = (Xσ1 , . . . , Xσn). In
what follows, we write σ = deg(m1) + · · ·+ deg(mn).

When σ1 = · · · = σn = σ/n, fast algorithms include

• [47] which gives an iterative solution in O(m2σ2), using a mix between Gaussian elimination
and multiplications by X;

• [4] which proposes a divide-and-conquer version in Õ(mωσ) operations relying on polynomial
matrix multiplication;

• [20] which better exploits Gaussian elimination over K at the leaves of the recursion and runs
in Õ(mωσ/n) operations;

• [45, 50] improved this for small n, using transformations which reduce to the case n ≈ m and
degree of the moduli about σn/m, leading to the cost bound Õ(mω−1σ) independently of n;
this however requires assumptions on s.

All these algorithms are deterministic.
In [27, Theorem 1.4], we removed the assumption on s and dealt with any powers (Xσ1 , . . . , Xσn),

returning a basis in s-Popov form in time Õ(mω−1σ) (as said above, this is a canonical form for
the s-reduced bases of the module of solutions).

M-Padé approximation. More generally, when the moduli in M are products of known linear
factors, Problem 4 is known as M-Padé approximation [3, 47, 5]. This is the case for example in the
list-decoding of Reed-Solomon codes with the Guruswami-Sudan algorithm: as shown in Section 3.1,
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the equations are modulo powers of M which itself is known as M = (X − x1) · · · (X − xn), where
x1, . . . , xn are the evaluation points of the code.

For this problem, fast algorithms include

• [3, 47] which give an iterative solution in O(m2σ2), using a mix between Gaussian elimination
and multiplications by the linear factors X − xi of the moduli;

• [5] which give a similar solution that is fraction-free and returns a basis in s-Popov form, at
the price of a cost increase;

• [14] which is probabilistic and computes a single solution with small s-degree in Õ(mω−1σ),
relying on the fast structured linear system solver in [11];

• [26, 27] which is deterministic and returns a basis of solutions in s-Popov form, for an arbitrary
s, using Õ(mω−1σ) operations.

Arbitrary moduli. For the Coppersmith technique, we may encounter situations where the
moduli do not split into linear factors, or where these linear factors are not known. Problem 4
with arbitrary moduli has been studied in [33] (with the purpose of giving a fast algorithm for
s-reduction for an arbitrary shift s), leading to the following result.

Theorem 4. Assuming n ∈ O(m), there is a deterministic algorithm which solves Problem 4 using
Õ(mω−1σ) operations in K, with σ = deg(m1) + · · · + deg(mn), and returns the s-Popov solution
basis for (M,F).

It should be noted that a similar cost bound (with less logarithmic factors) for computing a
single solution of small s-degree was previously obtained in [14, Theorem 2], with a probabilistic
algorithm based on fast structured linear algebra over K.

It follows from this theorem and from the system of equations derived in the previous subsection
that the interpolation step can be solved with the announced cost bound.

Corollary 5. The interpolation step of the Coppersmith technique can be solved using Õ(`ω−1µ2nd)
operations.
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