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▶ first guess, then prove

▶ algorithms & complexity

▶ finding univariate relations

▶ finding multivariate relations
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a little game: guess the next term

given a few initial terms u0,u1,u2,u3, . . .,
▶ can you guess the next term of the sequence?
▶ can you guess, more globally, (un)n∈N?
▶ yes, you can, but how and why?

0, 1, 2, 3, 4, 5, ?

un = n, integersun+1 = un + 1

3, 6, 12, 24, 48, 96, ?

un = 3 · 2n, geometricun+1 = 2un

1, 1, 2, 3, 5, 8, ?

un = φn−ψn
√
5

, Fibonacciun+2 = un+1 + un

0, 1, 3, 6, 10, 15, ?

un = n(n+1)
2 , triangularun+1 = un + n+ 1

un+2 = 2un+1 − un + 1

1, 1, 2, 4, 10, 26, ?

involutions, un =
⌊n/2⌋∑
k=0

n!
2kk!(n−2k)!

un+2 = un+1 + (n+ 1)un

these sequences are constant-recursive or polynomial-recursive
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linearly recurrent sequences

↑ with constant coefficients ↑

↓ with polynomial coefficients ↓

each term is deduced from the m previous terms
▶geometric un+1 = qun ▶Fibonacci un+2 = un+1 +un
▶ integers un+2 = 2un+1 −un ▶ triangular numbers, etc.

a sequence (un) ∈ KN is C-recursive of order m if

p0un + · · ·+ pm−1un+m−1 + un+m = 0 for all n

for some coefficients p0, . . . ,pm−1 ∈ K not all zero

K is a field characteristic zero: K = Q,C,Q, . . .

generating series
is rational:∑
n∈N

unx
n =

q(x)

p(x)

a sequence (un) ∈ KN is P-recursive of order m if

p0(n)un + p1(n)un+1 + · · ·+ pm(n)un+m = 0 for all n

for some coefficients p0, . . . ,pm ∈ K[n] not all zero

▶C-recursive ⇒ P-recursive
▶ involutions un+2 = un+1 + (n+ 1)un
▶hypergeometric un+1 =

p0(n)
p1(n)

un

▶harmonic numbers un =
∑n
k=1

1
k

generating series

f(x) =
∑
n∈N

unx
n

is D-finite (!?)
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power series: algebraicity and D-finiteness

a power series f(x) =
∑
n∈N unx

n

▶ is D-finite if p0f+ p1f
′ + p2f

′′ + · · ·+ pmf(m) = 0

▶ is algebraic if p0 + p1f+ p2f
2 + · · ·+ pmfm = 0

for some polynomials p0(x), . . . ,pm(x) ∈ K[x]

recall: (un) is P-recursive ⇔ f(x) is D-finite

· algebraic ⇒ D-finite [Abel 1827]

· D-finite:
√
1− x+

√
1+ x, exp(x), sin(x), cos(x), ln(1− x)

· not D-finite: tan(x) (note: nonlinear equation tan ′ = 1+ tan2)

P-recursive sequences / D-finite series are ubiquitous:
▶ 60% of the Handbook of Mathematical Functions [Abramowitz-Stegun 1964]

▶ enumerative combinatorics (e.g. counting walks)

▶ algebraic number theory (e.g. proving algebraicity or transcendence)

▶ computer algebra (e.g. getting faster algorithms)

software support is available:
Maple gfun — Mathematica HolonomicFunctions — SageMath ore algebra
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“first guess, then prove”

automatic guessing of algebraic relations

mathematics presented in a finished form consists of proofs;
however, mathematics in the making consists of guesses

[Pólya 1954]

get data → make conjectures → find proof

[Kauers-Koutschan, 2022]

[in] terms u0,u1, . . . ,ud−1 ∈ K

[out] polynomial coefficients p0,p1, . . . ,pm of
· recurrence equation for (un)n
· algebraic/differential equation for

∑
n∈Nunx

n

core algorithmic tool:
Hermite-Padé approximants
[Hermite 1893] [Padé 1894]

using the guessed relation:
▶unroll next terms
▶good data structure
▶ automatic proof of identities

e.g. cos2 + sin2 = 1

proof?

“although it rarely happens in practice, a guessed equation may be incorrect”

un = ⌊(n+ 1) tanh(π)⌋ → is f(x) =
∑
n unx

n rational? algebraic? D-finite?

d = 10d = 100d = 500

looks rational!

d = 600

oops. . .

need for fast algorithms and efficient implementations

[Bostan-Kauers ’10] “the generating function for Gessel walks is algebraic”

surprising; we had no reason to suspect that G(t; x,y) is algebraic, as even the
specialization G(t; 0, 0) was widely believed to be transcendental

the minimal polynomial of G(t; x,y) is huge, having a total size of ∼30Gb

expressions far too large to be processed efficiently even by standard computer
algebra systems such as Maple or Mathematica

we needed careful implementations of sophisticated algorithms
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using the guessed relation:
▶unroll next terms
▶good data structure
▶ automatic proof of identities

e.g. cos2 + sin2 = 1

proof?

“although it rarely happens in practice, a guessed equation may be incorrect”

un = ⌊(n+ 1) tanh(π)⌋ → is f(x) =
∑
n unx

n rational? algebraic? D-finite?

d = 10d = 100d = 500

looks rational!

d = 600

oops. . .

need for fast algorithms and efficient implementations

[Bostan-Kauers ’10] “the generating function for Gessel walks is algebraic”

surprising; we had no reason to suspect that G(t; x,y) is algebraic, as even the
specialization G(t; 0, 0) was widely believed to be transcendental

the minimal polynomial of G(t; x,y) is huge, having a total size of ∼30Gb

expressions far too large to be processed efficiently even by standard computer
algebra systems such as Maple or Mathematica

we needed careful implementations of sophisticated algorithms

7



“first guess, then prove”

automatic guessing of algebraic relations

mathematics presented in a finished form consists of proofs;
however, mathematics in the making consists of guesses
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outline

▶ first guess, then prove

▶ algorithms & complexity

▶ finding univariate relations

▶ finding multivariate relations

▶ linearly recurrent sequences
▶differentially finite power series
▶guessing algebraicity or D-finiteness
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▶ finding univariate relations

▶ finding multivariate relations
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▶ asymptotic complexity bounds
▶ software performance
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computer algebra

design of fast algorithms
and software implementations

for exact computations
with mathematical objects
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“fast”: measuring efficiency

efficient algorithms for polynomials, matrices, power series, . . .
with coefficients in some base field K

▶ low complexity bound
▶ low execution time

. . . , low memory usage, low power consumption, . . .

▶ field K = Z/pZ for p prime
▶ rational numbers K = Q

▶ finite extensions K[x]/⟨f(x)⟩
▶ rational fractions K(x,y, z)

algebraic complexity bounds
⇝ count basic operations in K

▶ operations +,−,×,÷,=
▶notation O(·) and Õ(·)
▶ this talk: no parallelism, single thread

practical performance
⇝ measure software runtime

for all runtimes in this talk:

▶K = Z/pZ with prime p ≈ 260 ≈ 1018

▶ this laptop with CPU AMD zen4

related?
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univariate polynomials: multiplication

f = 87x7 + 74x6 + 60x5 + 46x4 + 16x3 + 41x2 + 86x+ 69

f ∈ K[x]<8 −→ univariate polynomial in x of degree < 8 over K

fundamental operations on polynomials of degree < d:

▶ addition and Horner’s evaluation are linear: O(d)
▶naive multiplication is quadratic: O(d2)

breakthrough: subquadratic polynomial multiplication

[Karatsuba’62] M(d) ∈ O(d1.58)

f · g = xd · f1 · g1 + xd/2 · ((f0 + f1) · (g0 + g1) − f1 · g1 − f0 · g0) + f0 · g0

breakthrough: quasi-linear polynomial multiplication

[Schönhage-Strassen’71] [Nussbaumer’80] [Cantor-Kaltofen’91] M(d) ∈ O(d log(d) log log(d))

research still active, with recent progress by [Harvey-van der Hoeven-Lecerf]

▶ change of representation by evaluation-interpolation

▶FFT techniques using (virtual) roots of unity

▶used in practice as soon as d ≈ 100 (K = Z/pZ)

note: M(d) ∼ 9d log2(d)
if provided a “good” root of unity
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matrices: multiplication

A =

28 68 75 70
38 25 75 55
24 1 56 28

 ∈ K3×4 3× 4 matrix over K

fundamental operations on m×m matrices:

▶ addition is “quadratic”: O(m2) operations in K
▶naive multiplication is cubic: O(m3)

breakthrough: subcubic matrix multiplication

[Strassen’69]

▶ complexity exponent ω ≈ 2.81

▶used in practice for m ⩾ a few 100s

i.e. O(mω) complexity

▶best-known exponent ω ≈ 2.372
[Alman-Duan-Vassilevska Williams-Xu-Xu-Zhou’25]

▶ “galactic” algorithms: strongly impractical as such

13



general methodology: algorithmic reductions

→ concentrate efforts on: fast basic routines + good reductions

▶ small prime FFT in NTL:
⇝ about 5500 lines of C++
⇝ target operation: FFT
(including 1200 lines for vectorized version
and 1100 for machine word arithmetic. . . )

▶polynomials in Z/pZ[x]:
⇝ about 5500 lines as well
⇝ target operations include:
· multiplication, truncated inversion, division,
· interpolation, multipoint evaluation,
· XGCD, Berlekamp-Massey, resultant,
· power projection, modular composition, . . .
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matrices software polynomials

open-source mathematics software system

Python/Cython

high-performance exact linear algebra
LinBox – fflas-ffpack C/C++

high-performance polynomials (and more)

FLINT & NTL C/C++

▶ choice of algorithms, use of reductions

▶data structures, cache efficiency

▶SIMD vectorization instructions

▶multithreading, Grids, GPUs, . . . (*)

▶but, really, first: choice of algorithms

“Yes, this is optimal. No,you should not use it.”

“The asymptoticall
y fastest

algorithm
s are rarely used.”

“Algorithms with the bestasymptotic complexity are oftennot the fastest in practice.”

From a practical point of view, Strassen’s

algorithm is often not the method of

choice [among others due to] the constant

factor hidden in the O(n2.81) running time

[Cormen-Leiserson-Rivest-Stein, 3rd ed.]

Strassen’s scheme would not begin to excel

[. . . ] until n ≈ 250; and such enormous

matrices rarely occur in practice unless they

are very sparse, when other techniques apply

[Knuth, the Art of Computer Programming Vol.2]

an unfortunate myth [Bailey-Lee-Simon 1990]
Even recently published reference works have prop-
agated the unfounded assertion that Strassen’s al-
gorithm is not suitable for matrices of reasonable
size. In fact, for some new workstations, Strassen
is faster for matrices as small as 16 x 16; for Cray
systems, the crossover point is roughly 128

what you can compute in about 1 second
using FLINT, over K = Z/pZ with prime p ≈ 260 ≈ 1018

matrix operation size time
▶Gauss A = PLU 2026 0.99s

▶LinSys Ax = y 2026 1.02s

▶MatMul C = AB 1650 1.03s

▶Inverse B = A−1 1250 1.02s

▶MinPoly µA(x) 1000 0.93s

polynomial operation size time
▶PolMul c = ab 8 · 106 0.94s

▶Divide a = bq+ r 6 · 106 1.10s

▶MP Eval. a(xi) = yi 4 · 105 0.96s

▶Interp. a(xi) = yi 3 · 105 0.99s

▶XGCD au+ bv = g 2 · 105 1.23s
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matrices rarely occur in practice unless they

are very sparse, when other techniques apply

[Knuth, the Art of Computer Programming Vol.2]

an unfortunate myth [Bailey-Lee-Simon 1990]
Even recently published reference works have prop-
agated the unfounded assertion that Strassen’s al-
gorithm is not suitable for matrices of reasonable
size. In fact, for some new workstations, Strassen
is faster for matrices as small as 16 x 16; for Cray
systems, the crossover point is roughly 128

what you can compute in about 1 second
using FLINT, over K = Z/pZ with prime p ≈ 260 ≈ 1018

matrix operation size time
▶Gauss A = PLU 2026 0.99s

▶LinSys Ax = y 2026 1.02s

▶MatMul C = AB 1650 1.03s

▶Inverse B = A−1 1250 1.02s

▶MinPoly µA(x) 1000 0.93s

polynomial operation size time
▶PolMul c = ab 8 · 106 0.94s

▶Divide a = bq+ r 6 · 106 1.10s

▶MP Eval. a(xi) = yi 4 · 105 0.96s

▶Interp. a(xi) = yi 3 · 105 0.99s

▶XGCD au+ bv = g 2 · 105 1.23s
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▶ finding univariate relations

▶ finding multivariate relations

▶ linearly recurrent sequences
▶differentially finite power series
▶guessing algebraicity or D-finiteness

▶ algebraic computations
▶ asymptotic complexity bounds
▶ software performance
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vector approximation/interpolation

Padé approximation:
[in] a power series f at precision d

[out] small-degree polynomials p,q
such that qf = p mod xd

Cauchy interpolation:
[in] d points (αi,βi)1⩽i⩽d in K2

[out] small-degree polynomials p,q
such that q(αi)βi = p(αi) for all i

extensions to vector equations:

[1894, Journal de mathématiques pures et appliquées]

p1f1 + · · ·+ pmfm = 0 mod xd

unified: vector M-Padé approximation
[in] polynomials f1, . . . , fm ∈ K[x]<d
[in] polynomial M = (x− α1) · · · (x− αd)
[in] degree bounds s1, . . . , sm ∈ Z>0

[out] polynomials p1, . . . ,pm ∈ K[x] such that
▶deg(pi) < si for all i
▶p1f1 + · · ·+ pmfm = 0 mod M

[Mahler 1968]
[van Barel-Bultheel 1992]
[Beckermann 1990, 1992]
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polynomial matrices enter the arena

omitting degree constraints, the set of solutions is
S = {(p1, . . . ,pm) ∈ K[x]m | p1f1 + · · ·+ pmfm = 0 mod M}

recall M(x) =
∏

1⩽i⩽d(x−αi)

S is a “free K[x]-module of rank m”: admits a basis consisting of m elements

basis of solutions:
▶ square nonsingular matrix P in K[x]m×m

▶ each row of P is a solution [pi,1 · · · pi,m]
▶ any solution is a K[x]-combination uP,u ∈ K[x]1×m

i.e. S is the K[x]-row space of P

computing a basis of S with “minimal degrees”
▶ is much more powerful than just one small-degree solution
▶ is the fastest known strategy anyway (!)

⇝ canonical, minimal basis: shifted Popov forms

19



polynomial matrices enter the arena

omitting degree constraints, the set of solutions is
S = {(p1, . . . ,pm) ∈ K[x]m | p1f1 + · · ·+ pmfm = 0 mod M}

recall M(x) =
∏

1⩽i⩽d(x−αi)

S is a “free K[x]-module of rank m”: admits a basis consisting of m elements

basis of solutions:
▶ square nonsingular matrix P in K[x]m×m

▶ each row of P is a solution [pi,1 · · · pi,m]
▶ any solution is a K[x]-combination uP,u ∈ K[x]1×m

i.e. S is the K[x]-row space of P

computing a basis of S with “minimal degrees”
▶ is much more powerful than just one small-degree solution
▶ is the fastest known strategy anyway (!)

⇝ canonical, minimal basis: shifted Popov forms

19



polynomial matrices: basic operations

A =

 3x+ 4 x3 + 4x+ 1 4x2 + 3
5 5x2 + 3x+ 1 5x+ 3

3x3 + x2 + 5x+ 3 6x+ 5 2x+ 1

 ∈ K[x]3×3
3× 3 matrix of degree 3
with entries in Z/7Z[x]

▶ combination of matrix and polynomial computations
▶ addition in O(m2d), naive multiplication in O(m3d2)
▶ inversion, determinant, division with remainder, . . .

operations on K[x]m×m<d

multiplication in Õ(mωd)

[Cantor-Kaltofen’91]

precisely: O(mωd log(d) +m2d log(d) log log(d))

familiar examples of polynomial matrices?

small matrices with large degree:
extended GCD au+ bv = g = gcd(a,b) for polynomials a,b ∈ K[x]⩽d

⇝ corresponds to a polynomial matrix transformation

[
u v

b̃ ã

] [
a

b

]
=

[
g

0

]
▶ fastest known “half-gcd” algorithms use this viewpoint
[Knuth, 1970] [Schönhage, 1971] [Brent-Gustavson-Yun, 1980] [van der Hoeven, 2025]

large matrices with small degrees:
characteristic polynomial det(xIm −A) ∈ K[x] of a matrix A ∈ Km×m
⇝ determinant of polynomial matrix xIm −A ∈ K[x]m×m

▶ fastest known algorithm uses this viewpoint [N.-Pernet, 2021]

▶ gradually transforms xIm −A to smaller matrices with larger degrees
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polynomial matrices: canonical forms

consider some arbitrary polynomial matrix A:

A =


x8 + 4x7 + 4x6 + 5x4 + 4x3 + 3x2 + 3x+ 6 5x9 + 2x8 + 2x7 + 2x6 + 4x5 + 4x4 + 4x3 + 5x2 + 3x+ 5 2x9 + 5x8 + 3x6 + 4x5 + 2x3 + 4x2 + x+ 2 6x10 + 3x8 + x7 + x6 + 2x5 + 3x4 + 2x3 + x+ 2

6x6 + 3x5 + 2x3 + 4x2 + 6 2x7 + 5x6 + 4x5 + 6x4 + 4x3 + 3x2 + 4x+ 3 5x7 + 2x6 + x5 + 3x4 + 3x3 + 6x2 + x+ 5 x8 + 6x5 + 4x4 + 5x3 + 2x+ 2
5x6 + 3x4 + 6x3 + 4x2 + 5x 4x7 + x6 + 5x5 + x4 + 6x2 + 4x+ 1 3x7 + 6x6 + 5x5 + 5x4 + 3x3 + 1 2x8 + 6x7 + x6 + 6x5 + x2 + 2x

2x6 + 6x5 + 3x4 + 5x3 + 3x2 + 3x+ 4 3x7 + x6 + x5 + 4x4 + 2x3 + x2 + 3x+ 3 4x7 + 6x6 + 3x5 + 2x4 + 3x3 + 2x2 + 2x+ 4 5x8 + 2x7 + 3x6 + 2x5 + 4x4 + 3x3 + 5x2 + 5x+ 3



by elementary row operations, A is transformed into. . .

Popov form P =


x 3 1 6
0 x+ 6 3 6
2 2 x+ 4 5
0 2 2 x+ 4



Hermite form H =


x3 + 2x2 + 3x+ 4 0 0 0

x2 + x+ 5 x+ 5 0 0
3x2 + 6x+ 1 6 1 0
3x2 + 5x+ 1 3 0 1


▶more generally: s-Popov form for degree shift s = (s1, . . . , sm)
▶ canonical basis with minimal s-degree
▶ strong properties + small size ⇒ fast computations
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M-Padé: divide and conquer reduction to multiplication

[Beckermann-Labahn 1994,1997] [Giorgi-Jeannerod-Villard ’03] [Storjohann ’06]
[Zhou-Labahn ’09,’12] [Jeannerod-Neiger-Schost-Villard ’16,’17,’20]

[in] vector F, polynomial M =
∏

1⩽i⩽d(x− αi), degree bounds s

[out] s-minimal basis P ∈ K[x]m×m of solutions

a. recursive call at first half of the points C(m, ⌊d/2⌋)
P1← recursive call on F,M1 =

∏
1⩽i⩽⌊d/2⌋(x−αi),s

b. compute residual vector G and update degree bounds Õ(m2d)
G← 1

M1
P1F, t← s-degree of P1

c. recursive call at second half of the points C(m, ⌈d/2⌉)
P2← recursive call on G,M2 =

∏
⌊d/2⌋<i⩽d(x−αi), t

d. multiply bases: return the product P2P1 Õ(mωd)

complexity equation C(m,d) = 2C(m, ⌊d/2⌉) + Õ(mωd)

complexity = that of multiplication + 1 log factor Õ(mωd)
▶good: close to worst-case output size Θ(m2d), reached for unbalanced s
▶but: output size is O(md) for uniform s or for s-Popov basis

further improvements towards the optimal cost O(md):

▶output the s-Popov basis
▶deal with unbalanced degrees Õ(mω−1d)
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handling unbalanced degrees

key to complexity speed-up Õ(mωd) → Õ(mω−1d):
reduce unbalanced degrees to average degree

[Storjohann 2006] [Zhou-Labahn 2012] [Jeannerod-Neiger-Villard 2020]

from a matrix A ∈ K[x]m×m with average degree δ ≪ deg(A)
construct a matrix Ā ∈ K[x]m

′×m′
with

▶ a slight increase of matrix dimension: m ⩽ m ′ ⩽ 2m

▶ a strong decrease of matrix degree: deg(Ā) ⩽ 2δ

▶preservation of the features targeted by our computations

examples: AB easily deduced from ĀB̄; det(A) = det(Ā); Ā−1 contains A−1; etc.

matrix-vector product Hermite-Padé

m d δ = d
m

Õ(m2d) Õ(mω−1d) ratio Õ(mωd) Õ(mω−1d) ratio

50 4000 80 0.365 0.085 4.29 1.01 0.169 5.98
100 4000 40 1.10 0.136 8.09 5.48 0.396 13.8
200 4000 20 2.78 0.286 9.72 35.5 1.01 35.1
400 4000 10 7.94 0.684 11.6 279 2.90 96.2
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univariate relations: an open problem

structured relations
⇝ P-recursive recurrences, algebraic/D-finite series,
modular composition, bivariate interpolation, . . .

p1f1 + p2f2 + · · ·+ pmfm = 0 mod M

p11+ p2f+ · · ·+ pmfm−1 = 0 mod M

p1f+ p2f
′ + · · ·+ pmf(m−1) = 0 mod M

structured fi’s

▶here, input/output size is O(d)

▶most algorithms ignore this structure

▶ some recent progress [Villard 2018]

how to leverage this structure?

The year is 2026 A.D.

Algebraic Relations Guessing is entirely
occupied by Computer Algebraists.

Well not entirely!

One small village of indomitable open
problems still holds out against the
invaders. And life is not easy for the
scientists who garrison the fortified
camps of Universities, CNRS, Inria. . .
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▶Gröbner bases via linear algebra
▶ fast divide and conquer scheme?

26



Schönhage’s rule: the development of fast algorithms is slow!
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